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THEORY OF THE MOTION OF SYSTEMS WITH ROLLING™

N.A. FUFAEV

A mathematical model is proposed for describing the motions of a system
with rolling, and with or without slippage. Conditions are given for the
transition from one mode of motion to another, Examples are included.

Rolling without slippage is equivalent to determining a kinematic constraint, generally
rheonomic /1/, described by differential equations linear with respect to the generalized
velocities. The eguations cannot usually be reduced to finite relations connecting the general-
ized cocrdinates, and therefore rolling without slippage represents a motion with a non-
holonomic constraint. Study of the motion of a system with rolling, taking slippage into
account, reduces to the study of the dynamics of a system with releasing kinematic constraints.
Two problems arise in this context.

1°. Using differential equations to describe the motion of a system with rolling in the
general case;

2°, Establishing the conditions for transferring from one rolling mode to another.

In the classical mechanics of non-holonomic systems where rolling without slippage is
usually discussed, the second problem disappears, and the first problem was solved by Chaplygin,
Voronets, Boltzmann, Hamel, et al. When a wheel with an elastic deformable type rolls without
slippage, kinematic constraints appear which differ considerably from the classical non-
holonomic constraints arising when a rigid body is rolling. The general equations of motion
of a wheeled carriage executing small deviations from its uniform rectilinear motion were given
in /2/, where the Keldysh theorem concerning the rolling motion of a wheel with an elastic
tyre was used. The equations were generalized in /3/ to the case of the curvilinear motion of
a wheeled carriage along a trajectory of fairly small curvature.

In general, the equations of motion of a system with rolling have the simplest form in
the moving coordinate system /4, 5/ and must be written in the formof equations in quasi-
coordinates. As we know, the equations of motion of a non-holonomic system are also written
in this form /6/, therefore the equations in quasicoordinates are the most suitable for des-
cribing the motion of a system with rolling, with or without slippage. We must however
generalize the well-known Boltzmann-Hamel equations to the case of a system with rheonomic
kinematic constraints. The equations in quasicoordinates obtained in this manner solve the
first of the above problems and can be used as a basis for the general theory of the motion of
systems with rolling.

Investigation of the structural features of the phase space of a system with rolling also
enables the second problem to be solved. It also becomes clear that the equations of kinematic
constraints describing rolling without slippage can be regarded as the equations of some
hypersurface I in phase space. For the case of rolling without slippage we have the corre-
sponding motion of a phase point along the surface I in the region stable with respect to
deviations from the surface 1. By determining the boundaries of this region we can solve
the problem of the conditions governing the passage from rolling without slippage to rolling
with slippage, and we can find the conditions for the reverse process to occur.

1. General equations of dynamics for a system with rolling. Let the position

of the system with rolling be defined by n generalized coordinates 915 G2y - - -1 @u» a@nd rolling
without slippage by n — m equations of the form
a: (@ e’ +a(g )=0 (1.1)
U=m+1,m+2 ..., 0
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Here and henceforth the repeated indices denote summation from 1 to n.
Let us write the D'Alembert-Lagrange equation

d a7 é'i"
(—5,-;5?8-.— Q,‘) 8¢, =0 {1.2)
(T=7T71(s4q,t) is the kinetic energy of the system and Q,(q, ¢', #) are given generalized
forces). We introduce the quasicoordinates m,, m,,..., %,, wvhose time derivatives are connected
with the generalized coordinates by the following independent relations:
ny =gy (g, 8y g + a;(g 1) (1.3

so that the right-hand sides of the last n— m relations are identical with the left~hand
sides of Eqs.(l.1). S8olving the set of equations (1.3) for g, ¢/, .., g,, We obtain
% =bulg )n + b, @ 0 (1.4)

It can be confirmed that the coefficients in (1.3) and (1.4) are connected by the follow-
ing relations:

afsbsi = 6!}’ a; = "‘G_y,b,, byias = 6;1- (1.5)

in which §;; and §, are the Kronecker deltas. According to (1.4) the variations of the
true coordinates §g, and quasicoordinates §n; are connected by the relations 8¢, = b, (g, )
;. Substituting these into (1.2), we cbtain a sum which, because of the independent
nature of the variations 8n; , decomposes into n eguations of the form

d [ aT aT (1.6
ar (o) b — gy o= Qb -

The quantity II; = Q,b,; represents the generalized force which performs work on the
displacement §n; provided that all the remaining &n are zero. We shall introduce the
function T* = F*(g, n',?) obtained from the expression for the kinetic energy T (g, ¢, ¢) after

eliminating all g, ¢, ..., g, with help of relations (1.4). Carrying out an inverse opera-
tion on the function F* (g, n',¢) obtained using relations (1.3} we clearly again obtain T {g,

g,8, i.e. .
T* (g, apgy +apt)=T1(g q,1) (1.7
Differentiating this relation with respect to ¢, we have
ar _ ar* a;
og, on; i

which yields

e

ar d aT* (97"
dq,' = (—ai;.—)aj, -+ A,, As [ aq (b ¥k +b ) ]

Using (1.5) we arrive at the following relation:

d 4 ar*
T-:?‘(aq )b YW om + Adby;

Next, differentiating (1.7) with respect to g, we obtain

ar ar*
“&:=-§T+Bs, B, = [ = (e +br)+_“‘]
and hence
oT ar*
TN by= o, + Bybsi

where the partial derivative in the quasicoordinate g, denotes.the operator dT*lany = (0T*/
8g,) b,;. Substituting the expressions cbtained into (1.6), we obtain the required equations

of motion
d arT* ars ars . .
W T aw T e G Ay =ML (=12, (1.8)

da da,
= b.: Pt L S L
Yijk — b!tbrk ( 5qr ﬁqs )

da, da,; da,, da
Vij == by | by | 52— it R L RN R
3q, 9q, ot oq,
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The expressions for the coefficients y;» and ¢y in these equations are best found
using so-called commutation relations /6/, which in the present case have the form

dbm; — Mﬂ; = ?mdakﬁm 4 yy5d287; (1.9
and are constructed using expressions (1.3) and (1.4).
Equations (1.8) in quasicoordinates differ from the Boltzmann-Hamel equations in ad-
ditional terms v, (8T¥/dny), which vanish only when system (1.3) is homogeneous and its co-

efficient do not depend explicitly on time.
Equations (1.8) describe the dynamics of a system with rolling, with or without slippage.
Indeed, if we have rolling with slippage, then there are no equations (1.1} and the quantities

any values. We determine
relations (1.3) forms a

have rolling without slippage,

n, My, . . . My, which we shall call the characteristics, can take
functions {1.8) which, together with

L.hcm G; b Vb AN \--l-
closed system of differential equat;ons, If on the other hand we

of time using euaﬁ-nm
ns ol using

.==a, =0

then the characteristics Mg = fpe = . .
formulated, since equations (1.1) will be
A T

in the case of a system with rolling
rolling without slippage can hold not for
case the last pn — m equations of motion

d aT'__
& om,

are
dan,

+ 5o

and equations of dynamics (1.8) will be
satisfied only for the first m characteristics =nx,’,

represented by a wheeled vehicle, the conditicns of
all wheels, but for one wheel, two, etc, In this
(L.8) can be conveniently written in the form

ar*

(vt ) =1+ R, (1.10)

C=m+1, m+2,...n)

after separating from the generalized forces II;

the forces R,

acting between the wheel and
the road.

Further, we shall consider the case when the wheels are rigid and dry frictional forces
obeying the Coulomb-Amonton law exist in the areas of contact between the wheel and the
supporting surface. 1In this case the reaction

{ vl {n;" >0}
Rj=={ — v N, RN, (n,/=0) (1.11)
vV, (" < 0)

provided that the I-th wheel has only a single component n,” of the slippage velocity, «

is the coefficient of sliding friction, and N, is the normal force acting on the I-th
wheel from the direction of the supporting surface,

When the slippage velocity has two components (s, is the longitudinal and ;" the
transverse component), the reactions R, and R, are given by the relations

. - 2y . e g
Bym= — wNn) (102 4+ mby e, Ripg = — vN Ty (12 4 1) (1.12)

nravidad that -t an {~ax) - AW N a Y S baless mames weam Trea ool dbid e Ll oo JYAS 0T LS
PROVILGEU Waky [ =y haive O T+l = Uy QI LaAT ally vALUuS williid tie Ieqglion oy T i)t

wN, (N, > 0), provided that
Thus when the
R£+1

by integrating the differential equations of motion.

ﬂg. = ﬂ“;. == 0,
i-th wheel rolls without slippage, the quantity R;, or respectively R,

and in (1.10) are unknown functions of time, like the phase variables, and are obtalned

The system of equations (1.10) can be solved for the accelerations n," . After elimin-
ating the remaining accelerations x;", in these equations, we can use the equations of
dynamics (1.8) written for the first m quasicoordinates, to write it in
form

The equations obtained are used in Sect.2 to derive the conditions for transferring from

the rolling of the wheel without slippage to rolling with slippage
$ 4 T WALy W edd DAL MPAMT Wil LT CULIA A LCAVED U.L \.IIE
reverse process. Since g is a component of the slippage velocity, every equation of system

(1.13) expresses the dependence of the rate of change of the i-th component on the values
of the nhaea variableg, i1 . 11% {1 172% +hea

thae iase varianieg it eadd Vdesd)

2,..

ard tha oo 38 b d e

gince according to

ans
............ - dald

1o} preT.

P o

wils quwu—;u;c: nl \& == T T .l, m +
., n) are also functlons of the phase coordinates irrespective of the mode of rolling.

2. Structure of the phase space of the system with rolling. The conditions
for transfer from one mode of motion to the other. The motion of a system with
rolling becomes geometrically clear when the phase space is brought into consideration and
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the special features of its structure are explained. From Sect.l it follows that in the case
of motion with slippage the state of the system at any instant t is determined by 2n para-
meters: n generalized coordinates g¢,¢,,...,¢. and n characteristics =, #,, ..., m," . There-
fore, equations (1.3) and (1.8) describe the motion of a representative point in extended
2n + 1 -dimensional phase space @ (g, ', ).

Equations (1.1) describing the rolling of the system in question without slippage, can
be regarded as equations of some n -+ m + 1 -dimensional hyperplane II

ﬂm+1. = 0, Jt,,”z' == 0, ey ﬂ.,; =0 (2.1)

in the phase space @. This implies that during rolling without slippage the representative
point moves in the phase space @ along the hyperplane (2.1), obeying the equations of motion
(1.8) written for the first characteristics =y, m,, ..., n,, only, and relations (1.3), Relations
(2.1) must be taken into account in all these expressions.

If a system with rolling is represented by a wheeled vehicle, the hyperplane consists of

the intersection of the branches [II', II?, ..., II’, whose number r is determined by the number
and the distribution of the wheels. The motion of the representative point along one of the
branches [I1, TI% ..., I" corresponds to rolling without slippage of cne (or several) wheel(s),

and the motion along the hyperplane II the rolling without slippage of all wheels simultane-
cusly.

Let us consider the special features of the structure of the decomposition of the phase
space (@ into trajectories related to the presence of the branch II* (s=1,2,...,7), in the
case when the wheels are rigid, and dry friction forces cbeying the Coulomb-Amonton law appear
during their contact with the supporting surface. Since the dependence of the dry friction
force on the velocity of slippage v can be represented by a curve with a first-order dis-
continuity at ¢ = 0, the differential equations describing the motion of the representive
point in different regions of the phase space ¢, produced by partitioning the latter with the

hyperplanes ', I1% ..., II", will themselves be different. The equations may contain the
quantities N, i.e. the normal pressure forces between the interacting bodies, and the forces
may be constant (i.e. functions of the physical parameters of the system), or may also depend
on the phase variables.

Normally, the quantities N, are finite and positive (y>(¢ if the interacting bodies
exert pressure on each other). When N, vanishes, it simple means that the corresponding
bodies are no longer in contact. We shall assume that when N, have finite values, the usual
conditions ensuring the existence and uniqueness of the solutions of differential equations
with given initial values of the variables, are satisfied in all regions of the phase space
@ of the system with rolling discussed here.

It may happen however that when the parameters and the phase variables are in a certain
ratio, the normal pressure N, becomes negative, passing from positive to negative values
not through zero, but through infinity. (Such a situation arises when the coefficient of A,
vanishes, or when the determinant of the system of equations used to determine the normal
pressure force vanishes). In this special case (the Penleve paradox /7/) the initial hypotheses
of the classical mechanics of solids are found to be insufficient to determine the motion of
the system with rolling in question. The physical reason for the Penleve paradox is connected
with a wedging effect, which leads, within the framework of the model of a perfectly rigid
body, to the reaction forces increasing to infinity. The passage of the force N, from positive
to negative values through infinity is expressed by the fact that a manifold of points exists
in phase space, in which the phase velocity field undergoes second-order discontinuities.

Such a form of violation of the regularity of the vector velocity field in phase space can
serve as an indication that we have the Penleve paradox.

Subsequent discussions will deal with systems with rolling in which the Penleve paradox
does not occur.

Let us assume, to be specific that the branch II* corresponds to rolling of the s-th
wheel without slippage. If by virtue of the constraints imposed onithe system the s-th wheel
is forced to roll in such a manner that there is no side or longitudinal slippage, then the
vector v, of the wheel slippage velocity will have a single component which we shall denote
by =,’. The hyperplane TI* (%, = 0) will divide the phase space @ into two regions

D, (n, >0) and  @_(a, < 0)

According to the Coulomb-Amonton law the sliding friction froce takes, in the region @, .
a value depending on the normal pressure, and in the region @_the same value but, with opposite
sign. Therefore, Egs.{l.8) describing the motion of the representative point in @, and D,
will be different in these regions. The solutions of Eqs.(1.8) must match, when passing from
one region to the other, by virtue of the continuity of the phase coordinates.

The motion of the representative point along the hyperplane [J* is determined by Egs.
(1.8) written for the quasicoordinates my, ..., ey, a1y - - - Ny, in which the relation n, =0
has been taken into account. The motion, however, is realized only in the region G* of the
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hyperplane [J*, stable with respect to the deviations from II°. The necessary and sufficient
condition of stability of the region (* is that the distribution of the phase trajectories

in a small neighbourhood of the hyperplane II*, must be such, that the representative point
moving along these trajectories arrrives at the hyperplane from the region ¢, as well as
from & . We shall call such a distribution the link-up of the phase trajectories. Thus the
connected region of the link~up of the phase trajectories defines the region G* on the hyper-
lane I’

i The boundary I* of the region @' will consist of I'®* and I If the representative

point moving into the region G* reaches the boundary TI.*, it passes to the region @_, and

after reaching the boundary I * it goes into the region @, All this implies that the
determination of the boundaries of & sclves completely the problem of determining the con-
ditions under which the rolling of a wheel without slippage changes to rolling with slippage,
and the conditions of the reverse process.

The mathematical determination of the region G now reduces to simultaneous satisfaction
of the following two inequalities:

lim 7, 0, lim " >0 (2.2}
B0 AS——0
Let @ =f, (M, ... My, N, Mesyy- .. fig, N,) be the equation of system (1.13) constructed

for the quasicoordinate gz, where J, is the normal load on the s-wheel. Then inequalities
(2.2) will take the form

fa (“1‘, AR n;~11 09 n;ﬂv R nn.s Ns) <\ O (2°3)

fa (3‘1.’ vy ﬂ;-lx Oa n;-&h o=y “n.x '—N-!) > O

Converting {2.3) into an equality we obtain the eguations of the boundaries I ana T°
of the region G°,

In the case in question the system with rolling is related to the well-known class of
systems with discontinuous right-hand sides /8—10/. The results obtained here apply also
to systems with rolling. We must only remember that unlike relay systems of automatic control,
the equations of motion of the systems with rolling are usually non-linear in the regions O,
and @_.

In the case of the rolling of a rigid wheel, the vector v, of the rate of slippage has
usually two components, the transverse p, and the longitudinal Ty . We shall consider a

three-dimensional cross-section ®, of the phase space , plotting the quantity =n,", along
the abscissa and m@,,,, along the ordinate, and using as the z coordinate e.g. the angular
velocity o, of the natural rotation of the wheel. The straight line n,/ =0, n,, =0, i.e.
the axis w,r Will represent the hyperplane II* in @,.

Introducing a cylindrical vy, 8, ®, coordinate system by means of the relations g, =
v, cos ¥y, Mgy’ = v, sin ¥, and writing the equations of motion in the new phase variables v, §,, ws,

we obtain the equation vy = F, (v,, ¥, 05, ...) for v,. From the condition that v, <0 as v,—0,
it follows that the region &* is defined on the o; axis by the inequality
Fy 0,85 05, .. ) <0 (2.4)

which must hold in the interval 0 <(¥%,<2n for all valuesof §,. Since the left-hand side
of ineguality (2.4) also contains all remaining phase variables which were assumed fixed when
dicussing the three-dimensional cross-section, changing (2.4) into an equality yields the
equation of the boundary [* of @* on the hyperplane II' in the phase space @. 1In this

case the motion of the representative point inthe region G* on the hyperplane II' is described
by the eguation (1.8) written for the quasicoordinates Ty v ooy gy, Mgy, . . ., A, taking the
relations gn, =0, n,,," =0 into account.

The present case differs from the two-relay system thus. In this case of the relay system
the region G has a meaning on each hyperplane: s, =0 and =, =0. The motion of the
representative point on one of these regions maps a so-called sliding mode of one of the
relays, and the motion along their intersection maps a simultaneous sliding mode of both relays.
In the case of a wheel, only the region ¢ at the intersection of these hyperplanes, where the
rolling of the wheel without slippage is mapped, has any meaning.

Notes., 1°. 'The sliding modes in discontinuous systems have been studied by many workers
/9, 10/. An interpretation of a sliding mode in phase space has already been given in /11/.
The present paper, however, appears to be the first to employ an analogous approach to the
study of systems with rolling, taking slippage into account.

2°. BAccording to (1.13) the left-hand sides of inequalities (2.3) and (2.4) contain the
reactions Ry (l=m-+ 1, m+2,..., n), i.e. they depend on the mode of rolling of elastic wheels,
e.g. of the /-th wheel. Therefore, we must distinguish here between two cases: 1) the I-th
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wheel rolls with slippage, and 2) the I-th wheel rolls without slippage.

In the first case we must substitute into inequalities (2.3) and (2.4) the expressions
(1.11) if the slippage velocity of the I-th wheel has only a single component, and the ex-
pression (1.12) when it has two components. 1In the second case the quantity R, and the
corresponding B; and R;,; must be expressed in terms of the phase variables using the follow-
ing procedure. When the i-th wheel has a single component of the slippage velocity, we must
put “;==”L1==0 in Eq.(1.10) written for the quasicoordinate =x;, and eliminate the remaining
accelerations n;, appearing in this equation by means of the other equations of dynamics (1.8).

When the slippage velocity of the I-th wheel has two components, we must write n;==n;==nhl==

n;1==g in equations (1.10) written for the quasicoordinate =a; and =x;,,, and eliminate the
remaining accelerations n in these equations using the other equations of dynamics (1.8).

As a result, the gquantities R; and R;,, turn out to be the functions of the phase variables

and should be substituted into inequalities (2.3) and (2.4) in the case when the I-the wheel
rolls without slippage.

3°. The proposed theory can be applied to the case of rolling of a wheel with a deformable
tyre, even within the framework of the phenomenological theory (such as the Keldysh theory),
only under the specified conditions. Since we have here, instead of a point contact, an area
of contact between the wheel and the supporting surface, we can have partial slippage of the
tvre, or a moment of sliding frictional force may appear as a result of rotation of the
contact area. In cases when these additional factors can be neglected and the slippage velocity
field deviates little from the uniform, the theory developed here can alsoc be applied to a
wheel with a deformable tyre.

Example 1. Let a perfectly rigid wheel, whose plane is vertical, roll along a horizontal
rough line (Fig.l). A constant angular momentum M is applied to the wheel and a viscous
frictional force with coefficient h acts on the wheel. Then the wheel motion is described by

the equations

mz" + hz' = R, mk*¢” = M — rR
where m is the mass and r is the radius of the wheel, k is the central radius of gyration, x
is the coordinate of the wheel's centre, ¢ is the angle of rotation and R is the horizontal
component of the force of interaction between the wheel and the supporting straight line. If
the wheel rolls without slippage, then the following relation representing the equation of
kinematic constraint connects the variables used:

z —rp =0

[

y fns S—

u b

—
T SR S—
» [/
? R

0 > ) —

Fig.1l Fig.2

Fig.3 Fig.4

Let us introduce the dimensionless coordinates
zy = zr 1, ty = m~lht, Ry = mr AR, M, = mr%h7iM

a = k2
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and write u=gz,, ® =¢. The equations of dynamics in the new variables take the form

w4 u= R,y a0’ = M, — R, (2.5)
and the equations of kinematic constraints become
v=u—0=10 (2.6)

Let R be the force of dry friction. The graph in Fig.2 shows, according to the Coulomb-
Amonton law, the dependence of R, on the slippage velocity » withb denoting the magnitude of
the sliding friction. From (2.5) and (2.6) and the graph of the function Rey= R, (v)r it
follows that the rolling of the wheel is described by the motion of the representative point
in the phase plane ¢ (o, u), which splits into two regions, @,, in which >0, and @, in

which ,«0. the straight line I on which »=0, forms the boundary between them. The motion
of the representative point in the phase plane @ is described by the equations

W+ u= b aw = My+ b (D)
I+a o+ ao=M (i
Wt u==0 a0 = Myg— b (D)

Fig.3 shows the decomposition of the plane ¢ into trajectories in the case 0 M,<b
where the values u, = =[(14 ¢} bF M,le=? are obtained from the condition that the phase trajec-
tories are in contact with the bisectrix u=o in the region ®, and ®_., The rolling of
the wheel without slippage is represented by the motion of the phase point in the region I
on the segment  u_ < u<u,, where we have a stable singularity u= o= M,, The phase pattern
shown in Fig.3 shows that in the case in guestion and for any intial conditions, the wheel
will eventually end in a stable stationary motion, i.e. rolling without slippage.

In the case when M,>b we have a phase pattern shown in Fig.4, Here, for any initial
conditions the representative point in the phase plane @ (v, u) will approach asymptotically,
with time the motion along the straight line u=4% with velocity (M,—b)a1>>0. At the
same time the quantity o will increase to infinity. Such a motion of the representative point
corresponds to a wheel rolling with slippage, so that the velocity of the wheel centre tends
to a finite value u =%, and the angular velocity of rotation increases to infinity.

Example 2. We shall consider the problem of the motion of a motorcycle taking sideways
slippage of the wheels into account, under the following simplifying assumptions: the mass
of the rigid wheels is negligible compared with the mass of the rider and chassis. We shall
regard the rider and the chassis as a single rigid body of mass m, with principal central
moments of inertia A and B. The velocity V of the longitudinal motion of the motorcycle and
the angle of rotation of the steering ¢ are given functions of time; the quantity ¢, and
the angle of inclination of the chassis 1y, the rate of transverse displacement of the centre
of mass u and the projections «, ®, of the instantaneous angular velocity of the body on
the principal direction of the central energy ellipsoid are all fairly small. Then, with
both wheels sliding sideways, the equations of motion linearized with respect to small quanti-
ties, have the form (see Fig.5)

mu' = —mV (0, sin & + @, cos @) + F; -+ F, (2.7)
Ao, = Hcos o+ MF,+ K F;
Bo, = —HN sin o — MyF, — K,F,

X = 0 C0sa— @sin a; H = mg (hy — ¢l M)

Here F,.F, are the transverse reactions of the road on the rear and front wheel at the
points of contact between the wheels and the road. Assuming that the reactions are dry
friction forces, we have

Fila= —vNy,signu,, if U %0 (2.8)

and any value in the interval (—WN1s < Fip < ¥My,), Provided that 4, ,=0;v is the coefficient
sliding friction N, =mgle™!, N, = mg(c —1)c? are the nommal pressure forces, and u, u; are
the transverse sliding velocities of the rear and front wheel respectively, described by the

expressions
P u = u-+ Mo, ~ Mo, (2.9)

u, = u-+ Kyo, — Ko, — ¥,
¥ =y — Vpcosh

M, = hcosa— lsin a,
Ky=hcosa- (¢ —I)sina
M,=hsina+ lcos a,
Ky=hsing—(¢c—1)cosa

Equations (2.1) describe the motion of the representa-
tive point in four-dimensional phase space @ (u, @y, Oy, %)
Let us consider possible special cases of the motion
of a motorcycle.
Fig.5 Only the rear wheel slips. In this case the
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representative point moves in the phase space & on the hyperplane u, =0 according to the
equations of motion (2.7), from which we must eliminate F, and use the relation
ug = u+ Koy — Koy — ¥ =0
The motion on the hyperplane 4, =0 occurs in the region @ defined by the inequalities
lim uy <0, Iim wy' >0
Up—+-0 U0
According to (2.9) and (2.7) we have an expression for y, and obtain the first in-
equality
H (47K, cos @+ B-1K, sin a) + Fy (m™ + A™1M, K, + (2.10)
B"M,K,) — wNy (m1 + AT+ B—lez) — g
V (o, sin ¢+ w,cos a) < 0

where F, is given by (2.8). The second inequality separating out the region ¢ is obtained
from (2.10) by replacing N, by —N, and the sign < by 2.

Only the front wheel slips. 1In this case the representative point moves along the
hyperplane u =0 in the region ¢ defined by the inequalities
H (A71M, cos o+ B 1M, sin a) 4 F, (m™* 4 A7M,K; 4
B IM.Ky) — vN1 (m~ + A-IM 2 B-1IM2) —
V(o sina+ wycose) <0
where F, is given by (2.8). The second inequality is obtained from (2.11) by replacing N,
by —N, and the sign < by >.

(2.11)

Both wheels roll without slipping. In this case the representative point moves in the
region representing the intersection of two hyperplanes, y =0 and u,= 0. Using these
equations and eliminating 7,7, from (2.7), we arrive at the equation of motion of a motor-
cycle without slipping

ey — mgeh g — epJafT — (Jye cos ko4 mejhy Vg - (2.12}
(mgeyt — mh12cosh — JyV cos i) == 0

Jy= A cos?®a-- Bsin a1+ mh?

Jya = (B — A)sin acos @ <~ mil

wWhen V = const , the above equations becomes identical with the first equation of (l1.5)
in /12/, provided that we neglect in (1.5) the mass of the front part of the bicycle and the
moments of inertia of the wheels.

Motion in the region u; =0, u, =0 occurs when the four inequalities (2.10) and (2.11l) are
satisfied simultaneously, in which

Fy= 2 ([ (BA sina — AKX, cos
Ji (AR, sina-- BA, cos )Y — mhlV (BA; sin a —
AKR,cos ) ¥ — cH |[Jy (¢ — 1)+ AK,cos @ — BK, sin al}
Fy= ¢k W7 [T (W s cos 2 — B, sina) -+
J (A sina - B cos ] ¥ 5 mh V(A M, eos @ —
B, sinay ¥+ ol (AMycos 2 — BMysina — UJ,y)}

The author thanks D.M. Klimov, V.V. Rumyantsev, K,F. Frolov and their coworkers for dis-
cussing the paper and for their components.
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MOTION OF A HEAVY RIGID BODY ON A HORIZONTAL PLANE WITH VISCOUS FRICTION'

N.K. MOSHCHUK

The motion of an arbitrary, heavy rigid body on a horizontal plane with
viscous friction is considered. It is shown that the limit set of trajec-
tories of motion is represented by the set of motions of this body on a
perfectly smooth surface without slippage. The set represents the inter-
section of the manifolds of steady motions of the body on perfectly smooth
and perfectly rough surfaces and, depending on the dynamic and geometrical
characteristics of the body, it may include the states of equilibrium,
steady rotations about the vertical, uniform rolling motions along a fixed
straight line, and regular processions. Examples of the motion of specific
bodies are discussed.

l. Let a rigid body move along a fixed horizontal plane, touching it at a single point
P of its surface. The motion takes place in a uniform gravitational field. The supporting
plane is defined in the fixed (QEnl coordinate system by the equation { =0, and the Qf
axis points vertically upwards. We shall introduce a right Gzyz, coordinate system rigidly
fixed to the body, direct its axes along the principal central moments of inertia of the body,
and place its origin at the centre of gravity of the body. We shall define the position of
the body by the coordinates §,1, { of its centre of gravity in the fixed coordinate system,
and the Euler angles 1v,0, ¢, defining the orientation of the body in absolute space. The
coordinate ¢ will be a known function of the angles 6 and ¢, i.e. {=f (8, ¢) > 0. We shall
assume that the function f is a fairly smooth function of its arguments and such that the body
can touch the supporting plane only at a single point of its surface. We will denote the
projection of the centre of gravity G onto the supporting plane by Q. Henceforth, A,B,(C
will denote the moments of inertia of the body about the axes Gz, Gy, Gz,m is the mass of the
body and g is the acceleration due to gravity.

We have the following expression for (':

T o= pod 4 pogs pe = /00, p, = 010G (1.1)

The critical points of the function f (8, ¢) correspond to the positions of equilibrium
of the body in the plane (P = (,pp = p, = 0). Any body has at least two different positions of
equilibrium. This follows from the fact that a function on a sphere has at least two critical
points.

Let us assume that the body is acted upon at the point P from the direction of the plane
by the viscous force F = —mkVp, where Vp is the velocity of the point P of the body in the
fixed coordinate system, and k>0 is the coefficient of friction. Then the following ex-
pression can be obtained for the total energy E > 0 of the body:

dE /dt = —mkVp? (1L.2)

From (1.2) we see that E does not increase and Vp tends to zero with time, i.e. the
body has a tendency to avoid slipping /1/. Therefore we have

lim E (1) = £* >+ >0, v=mgminf@,¢) (1.3)
—o0 8,9
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